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Abstract. In this article we prove that the m-Tamari lattices 
7n recently introduced by Bergeron and Preville-Ratelle are EL- 
shellable in the non-pure sense of Bjorner and Wachs. Moreover, 
we characterize the intervals of Tn™^ according to their topological 
properties. 



1. Introduction 

The classical Tamari lattices T n , see [8], are a well-studied member 
of the large group of Catalan objects. Bergeron and Preville-Ratelle [1] 
have recently generalized this class of lattices to m-Tamari lattices 
in order to calculate the graded Frobenius characteristic of the space of 
higher diagonal harmonics. Along with this generalization, they pro- 
posed a realization of these lattices via m-Dyck paths, analogously to 
the realization of the classical Tamari lattices via classical Dyck paths. 
The main purpose of this article is to prove that the m-Tamari lattices 
possess a certain order-theoretic property, called EL-shellability, which 
is recalled in Section 2.2. This is the statement of our main theorem. 

Theorem 1.1. The m-Tamari lattices 7^ are EL-shellable for every 
positive integer m andn. 

We recall the construction of m-Tamari lattices, as well as the defi- 
nition of EL-shellability of a partially ordered set (poset) in Section 2. 
In Section 3 we give an EL-labeling of Tn™^ by generalizing a construc- 
tion from [5]. We conclude this article by giving some applications of 
Theorem 1.1 in Section 4, and we characterize the intervals of Tn^ 
according to their topological properties. 



2. Preliminaries 

2.1. Generalized Tamari Lattices. An m-Dyck path of height n is 
a path from (0, 0) to (mn, n) in N x N consisting of steps of the form 
(0, 1) or (1, 0), which stays above the line x = my. Denote the set of all 
m-Dyck paths of height n by V^. It is well-known (see for instance 
[7]) that the number of m-Dyck paths of height n is counted by the 
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Fuss-Catalan number 

(i) ct ] 



m + l)n 



mn + 1 \ n 

With any p G Pn , we can associate a sequence a p 
which satisfies the conditions 

01 < CL2 < ■ • • < «n and 
a, < m(z — 1), 1 < % < n. 

The i-th entry of a p is the smallest non-negative integer at which the 
corresponding path reaches height i (see Figure 1). 



3 4 16 

(a) A 4-Dyck path of height 6 with associated sequence 
(0,0,3,4,4,16). 



6 8 10 12 21 

(b) The sequence (0,6,8,10,12,21) does not encode a 4-Dyck 
path. 

Figure 1. Some Examples of paths and sequences. 

For every i G {1, 2, . . . , n} there is a unique subsequence (t^, a i+ i, . . . , Ofc) 
of a p , called primitive subsequence that satisfies 

dj — a,i < m(j — i), i < j < k and 

either k = n or a^+i — a, > m(A; + 1 — i). 

The dotted line in Figure 1(a) indicates that (3,4,4) is the unique 
primitive subsequence at position 3 in the 4-Dyck path given there. 

We construct a covering relation < on V>^ in the following way: let 
p,p' G such that a p = (a%, . . . , a n ) satisfies c^-i < for some 
i. Define 

p <p' if and only if 

ay = (oi . . . , a;_i, a, — 1, a i+ \ — 1 . . . , a/~ — 1, a^+i, . . . , a n ), 
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Figure 2. The lattice of 2-Dyck paths of height 3 and 
the associated lattice of sequences. 

where (aj, a i+ i, . . . , %) is the unique primitive subsequence of a p at po- 
sition i. Denote by < the reflexive and transitive closure of <. Proposi- 
tion 4 in [6] implies that the poset (X>n , <) is a lattice, the m-Tamari 
lattice Tn" 1 ^ . 

Let a = (ai, a 2 , . . . , a n ). Whenever we write a G 7»i in the re- 
mainder of this article, we mean p G Tn such that a is the sequence 
associated with p. 

Example 2.1. Figure 2 shows the lattice of all 2-Dyck paths of height 
3 and the associated lattice of sequences as defined in the previous 
paragraph. 

2.2. EL-Shellability of Posets. Initially, this property was intro- 
duced for graded posets, in order to create an order-theoretic tool to 
investigate shellability of posets [2]. Shellability of a poset implies sev- 
eral topological and order theoretical properties, for example Cohen- 
Macaulayness of the associated order complex. More implications of 
shellability can for instance be found in [2-5]. In [4], Bjorner and Wachs 
generalized EL-shellability to non-graded posets. This is the property 
of interest in the present article. 

Let (P, <) be a poset. We call a poset bounded if it has a unique 
minimal and a unique maximal element, denoted by and 1, respec- 
tively. Denote by £(P) the set of all covering relations p<q in P. Hence, 
£{P) corresponds to the set of edges in the Hasse diagram of P. Con- 
sider a non-singleton interval [x, y] in P and a chain c : x = po < p\ < 
" • < p s = y. A chain is called maximal in [x, y] if there is no q G P and 
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no i e {1, 2, . . . , s} such that p < p\ < ■ ■ ■ < y>j_i < q < Pi < ■ ■ ■ < p s . 
For some poset A, call a map A : S(P) — > A edge-labeling of P and let 
A(c) denote the sequence (X(po,pi), X(pi,p 2 ), ■ ■ ■ , X(p s -i,p s )) of edge- 
labels of c with respect to A. The chain c is called rising if A(c) 
is a strictly increasing sequence. Moreover, c is called lexicographi- 
cally smaller than another maximal chain c in the same interval if 
A(c) < A(c) with respect to the lexicographic order on A*, the set of 
words over the alphabet A. More precisely, the lexicographic order on 
A* is defined as (pi,P2, ■ ■ ■ ,Ps) < (<?i, 92> • • • , It) if and only if either 

Pi — qi, for 1 < i < s and s < t or 

Pi < qi, for the least i such that pi ^ qi. 

An edge-labeling of P is called EL-labeling if for every interval [x, y] in 
P there exists a unique rising maximal chain in [x,y], which is lexico- 
graphically first among all maximal chains in [x,y]. A bounded poset 
that admits an EL-labeling is called EL-shellable. 

3. EL-Shellability of T^ m) 

Bjorner and Wachs have shown in [5, Section 9] that the classical 
Tamari lattices are EL-shellable. Hence, it is a natural question to 
ask whether the m- Tamari lattices have the same property. Although 
Bjorner and Wachs use slightly different sequences to represent the 
elements of T n , their proposed labeling function gives a good intuition 
on how to generalize their result. 

Consider the edge-labeling 

(2) A:£(T n W )^NxN 

(a, /3) (j,aj), 

where a = (ai, a 2 , . . . , a n ), = (&i, b 2 , . . . , b n ), as well as j = minjz 6 
{1,2, . . . ,n} | en ^ bi). 

Example 3.1. Figure 3 shows the Hasse diagram of 7^ together with 
the edge-labeling defined in (2). 

The main result of this section is stated in the following theorem. 

Theorem 3.2. Let Tn be the m-Tamari lattice of order n. The 
edge-labeling given in (2) is an EL-labeling ofTn^ with respect to the 
following order onNxN 

(3) (z, a{) < (j, a,j) if and only if i < j, or i = j andai > aj. 

Moreover, there is at most one falling chain in each interval of %i m ^ ■ 

Proof. We need to show that for every interval [a, (3] in Tn^ there exists 
exactly one rising chain that is lexicographically first among all max- 
imal chains in [a, (3}. Let a = (ai, a 2 , . . . , a n ) and f3 = (&i, b 2 , ■ ■ ■ , b n ) 
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Figure 3. The diagram of 7^ labeled with the edge 
labeling as defined in (2). 



and consider the set D — {j \ aj ^ bj} = {ji, j 2 , . . . , j s }. Let the 
elements of D be listed in increasing order, namely ji < J2 < • • • < js- 
Let p^ = a and construct p( l+1 ) from pW by decreasing the values in 
the primitive subsequence at position jk of pW by one, where jk is the 
smallest element of D such that the jk-th entry of pW is larger than bj h . 

By the minimality of jk it is ensured that p( l+1 ) < f3. Since 7n is a fi- 
nite lattice, we obtain pW = f3 after a finite number, say t, of steps. By 
construction, it is clear that the chain a = p^ < p^ 1 ' < ■ ■ ■ < = (3 
is rising in the interval [at, 0\. 

Let pW = (rf ,r 2 , ■ ■ ■ ,Tn )■ It is guaranteed by construction that 
A(p« p^+D) = (j,rf) =min|A(p«,p) | (p«p) g£(T„ M )}. Since 

the primitive subsequence of pW at position j is unique, any other 
covering relation yields a label (j', rj^) , with j < j'. By following such 
a chain upwards, we will eventually encounter an edge (a, r) such that 
the corresponding edge label is (j, Sj), where a = (si, s 2 , ■ ■ ■ , s n ). This 
creates a descent in such a chain. Hence, the constructed chain is the 
unique rising chain in [a, /3] and is lexicographically first. 

Now consider the set D' = {j \ a,j ^ bj and aj > aj-i + m} = 
{ji, j 2 , . . . , jj}. This means that k G -D implies a& 7^ and there is 
no primitive subsequence of a at position i < k, which contains a^. 
Similarly to the previous paragraph, we can see that if there exists a 
falling chain < < ■ ■ ■ < a® in [a, (3], it must have the sequence 
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of edge-labels 

{ju af) , (jt-i, afl x ), . . . , (ji, af'V), 

since each of the values dj 1} Oj 2 , . . . , dj t must be decreased along any 
maximal chain in [a, {3] at least once. Hence, the given chain is the 
only possible falling chain. □ 

Proof of Theorem 1.1. This follows by definition from Theorem 3.2. 

□ 

Remark 3.3. Proposition 4 in [6] states that is an interval in 

Tmn- Bearing this in mind, the statement of Theorem 1.1 can already 
be deduced from [5, Theorem 9.2]. (By definition, an interval of an 
EL-shellable poset is EL-shellable with respect to the restricted label- 
ing.) However, this has not been done before explicitly. Moreover, our 
construction does not use the mentioned results and gives a uniform 
description of the EL-shellability of 7n in terms of m-Dyck paths. 

4. Applications 

According to [4], Theorem 3.2 has some consequences for the Mobius 
function of 7™ m and the structure of the topological space associated 
to the intervals of Tn m \ For an introduction on how to associate a 
topological space to a poset, we refer to [9]. 

Corollary 4.1. Let [x,y] be an interval of Tn and /x the Mobius 
function o/7n . Then, fi(x,y) G {—1,0, 1}. 

Proof. This result follows immediately from Theorem 3.2 and [4, The- 
orem 5.7]. □ 

Corollary 4.2. Every open interval in 7n has the homotopy type of 
either a point or a sphere. 

Proof. The result follows immediately from Theorem 1.1 and [4, The- 
orem 5.9]. □ 

We can specify the previous results even more and characterize the 
spherical intervals. For that purpose, consider a = (a 1 , a 2 , . . . , a n ) G 
Tn^ as well as D C {2, 3, . . . , n} such that dj > Oj_i for all j G D. 
Define the numbers 

(4) ps a (j) = \{i G D | i < j and dj — 1 — < m(j — i) and 

<2fc — di < m(k — i) for alH < k < j}\ 

for all j G D. Consider the sequence a\ G Tn (m) that arises from 
a by decreasing the primitive subsequence of a at position j G D 
by one. Clearly, (a,aj) G £(7^"^) and ps a (j) counts the primitive 
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subsequences of aj at some i G D with i < j that contain the j-th 
entry of aj. 

Theorem 4.3. Let a < f3 in Tn m \ where a = (aj., 02, . . . , a n ) and 
(3 = (61,62, . . . ,b n ). Let D — {j I aj 7^ 6,- and > a^-i}- The open 
interval {a, (3) /ias the homotopy type of a (\D\ — 2)-sphere if 

(5) aj — 1 — aj-i < m implies bj — bj-i < in, and 

(6) b j = a j -l-ps a {j), 

for all j G D. Otherwise, (a, (3) has the homotopy type of a point. 

Proof Let a = (a%, a 2 , . . . , a n ) and (3 = (61, 62, ... , b n ) such that a < (3. 
We need to show that a falling chain exists in [at, 0\ if and only if the 
conditions (5) and (6) are satisfied. 

Write the set D in the form D = {jx, j 2 , . . . ,j s }, where j\ < 32 < 
■ ■ ■ < j s . Let p^ = a and construct p(* +1 ) from pW by decreasing 
the primitive subsequence at position of by one. It is clear 
that the chain p^ < pW < ■ ■ ■ < p^ is falling. We also notice that 
PSp(oO'fc) = P S aUk) if k < s -i. 

First we show that (5) is equivalent to p^ < (3 for all k G {1, 2, ... , s}. 
Assume that there exists a k G {1, 2, . . . , s} such that dj k — 1— Oj fe -i < ?n 
and 6 Jfc — 6 Jfe -.i > m and j^. is maximal in D with respect to this prop- 
erty. Consider the element = (af\ a\ , . . . , ah ?') G 7^ m ' ) that 
arises from p( s_fc ) by decreasing the primitive subsequence of p( s_fc ) at 
position jfc by one. Thus, = p( s ~* +1 ). Construct elements 
from a^' by decreasing the value of the primitive subsequence of 
at position jj. — 1 by one. By assumption, we know that is con- 
tained in the primitive subsequence of a^> at position j k — 1. Hence, 
in each such step, we decrease the value of a£_i and a$ (and possibly 
some subsequent entries). After a finite number, say t, of steps, we 

obtain an element a® = (af\ , ■ ■ ■ , a« ), such that = &j fe -i- 

Since 6 Jfe is not contained in the primitive subsequence of (3 at position 

jk — I, we have of} < bj k , and thus (3 < ce®. Certainly, there is an 
u G {0, 1, . . . , t — 1} such that aq^ = bj k , and hence > &j fe -i- This 
implies that > &j fc -i for all i e {0,1,..., w}, and we can conclude 
that fiW £ /3. Thus, p( s - fc+1 ) £ /3. The reverse implication is trivial. 

Now we show that (6) is equivalent to the fact that (p^ -1 \pW) G 
£(7^ m ' ) ) for all k G {1,2,..., s}. The number ps^jfc) corresponds to 
the number of primitive subsequences of = (r^ ,7*2 , ■ ■ ■ , ?n ) at 
position i G D, where i < jk that contain rf \ Hence, along the chain 
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pi 1 ) < p( 2 ) < . . . < p( s ) ; the value of r ^ is decreased exactly ps^jfc)- 
times and hence bj k = — ps a {jk)- By constructing p^\ we obtain 
TjJ = dj k — 1 which implies the claim. 

By combining both properties, we obtain that p^ < < - - • < p( s > 
is indeed a falling chain from a to /3. □ 

Corollary 4.4. Let a < (5 in T n , where a = (ai, a 2 , . . . , a n ) and 

j3 = (bi,b 2 , . . . ,b n ). Let D = {j \ aj ^ bj and aj > a,j-i} and let p 
denote the Mobius function of Tn" 1 ^ . Then, 



p(a,(3) 



if conditions (5) and (6) hold, 
otherwise. 



Corollary 4.5. Let a G Tn m \ where a = (ai, a 2 , ■ ■ ■ , a n ). Let D = 
{j | aj 7^ (j — l)m}. Let Dj = {i£D\i<j}, and let p denote the 

Mobius function of Tn™' 1 . Then, 



p(0, a) 




if aj = (j — l)m — 1 — \Dj\ for all j G D, 
otherwise. 



Proof. By construction, = (0, m, 2m, . . . , (n — l)m). Hence, the 
premise in condition (5) corresponds to (j — l)m — 1 — (j — 2)m = 
m — 1 < m and is always satisfied. Moreover, we have 



ps 5 (j) = \{i G D | i <j}\ = \Dj 



for all j 6 D. If a satisfies (6), then aj = (j — l)m — 1 — psgfj). There 
are two possibilities: either j — 1 G D, or j — 1 ^ D. 
Consider the case that j — 1 G D. Then, 



a 



j 



-l = (j - 1)™ - 1 - PSo(j) - (j - 2)m + 1 + ps Q (j - 1) 



m 



ps 6 (j) +ps 5 (j - 1) 



m — \Dj \ + 



which yields [Z7y- 1 — l-D^-il > for the conclusion of (5). Since j — 1 G D, 
we know that T)j_\ C Dj and the conclusion of (5) is automatically 
true if aj = (j — l)m — 1 — \Dj\ for all j G D. 

Now let j — 1 £ D. Then, a 3 _x — (j ~~ 2)m, and we have 

aj - ctj-i = (j - l)m - 1 - ps 5 (j) - (j - 2)m 
= m - 1 -ps Q (j) 
= m — 1 — | Dj | , 

which yields \Dj\ + 1 > for the conclusion of (5). Since \Dj\ > 0, the 
conclusion of (5) is automatically true if aj = (j — l)m — 1 — \Dj\ for 
all j G D, which completes the proof. □ 
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Corollary 4.6. Let a G Tn m \ where a = (ai, a 2 , . . . , a n ). Let D = 
{j | cij > cij-i} and let // denote the Mobius function of 7^ . Then 

' (-l)W i/ aj = ps a (j) + 1 /or a// j G D 
0, otherwise. 



fi(a, 1) 



Proof. It follows from the definition of 7n that i = (0,0, ...,0). 
Hence, for an interval [a, 1] in 7^ m ^ condition (5) is trivially true for all 
j G D and condition (6) reduces to aj = ps a (j) + 1 for all j G D. □ 

In the remainder of this section, we prove that the number of spher- 
ical intervals of Tn™^ involving 6 or 1 is 2 n ~ 1 respectively. 

Proposition 4.7. Let m,n e N. Let S^ m) {6) = {p G 7; M | yu(6,p) ^ 
0} and St\l) = {pe T„ (m) | fi(p, 1)^0}. Then, 

(7) |5M(6)| =2»- 1 = |5M(i)|. 

Consider p, g G 7^ m ' ) , with associated sequences a p = (a 1; a 2 , . . . , a n ) 
and a g = (&i, b 2 , ■ ■ ■ , Define 

■D(P>9) = G {2, . . . ,n} | ^ 7^ 
Now, fix p G 7n and DC{2,3,..., n}, and define 

(8) diff D (p) = {gGT„ (m) |D(p,g) = D}. 
It is immediately clear that for every p G 7n 

r n (m) = |J diff D ( P ), 

DC{2,3,...,n} 

and dffi Dl (p) n diff Da (p) = if D x D 2 . 

Lemma 4.8. Let D C {2,3, . . .,n}. T/ien, d#f D (6) ^ 0. 

Proof. Let D C {2, 3, . . . , n}. The sequence associated to is ag = 
(0, m, 2m, . . . , (n — l)m). Consider the indicator function 



XD:{2,3,...,n}^{0,!}, 



1, if ieD, 
0, otherwise. 



Since m > 1, it is clear that the sequence Xd(0) = (0, m — Xd(2), 2m — 
Xd(3), . . . , (n— l)m— Xi)(n)) corresponds to an m-Dyck path again. □ 

Denote by the interval {i, i + 1, . . . , j} for 1 < i < j < n. 

Lemma 4.9. Let i G {2,3, . . . ,n}. Then, diff D (l) ^ if and only if 
D = [i,n] or D = 0. 
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Proof. By construction, a\ = (0, 0, ... , 0) is the sequence associated 
to 1. If D C {2,3, ... ,n} and D ^ [i,n] for some 2 < i < n, then 
any element in differ) has to correspond to a sequence of the form 
(0, 62, 03, . . . , 6 n _i, 0). By definition it is clear that this encodes an m- 
Dyck path only in the case 62 = &3 = • • • = b n -i = 0. Hence, D — 0. 

Now let D = [i, n] for some 2 < i < n. Consider for instance the 
sequence 

g = (0,0 0,1,1, ,1). 

t— 1 n— i+1 

This sequence clearly encodes an m-Dyck path, and hence diff D (l) 7^ 
0. □ 

Proof of Proposition 4-7. We first consider the case Si m \6). Let £> = 
{ji, j 2 , . . . ,jt} Q {2, 3 ... , n}. Let cr°) = and construct a^ +1 ^ from 
q,W by reducing the primitive subsequence of aW a t position by one. 
Let aW = (oj* , c4 , . . . , a^). It is clear by construction that = ajj. 
for all k < jt-i+i- Hence, we obtain a falling chain < < ■ ■ ■ < ay' , 
where a® G diffo(O). (In fact, ay' corresponds to Xd(0) as defined in 
the proof of Lemma 4.8.) It follows from the proof of Theorem 3.2 that 
ay' is the only m-Dyck path in diffo(O) with this property. Hence, 
for every D C {2,3, ... ,n} we obtain exactly one p G diffjj(O), which 
yields \S { ™ ] (6)| = 2 n ~\ 

Now we show \Sn (1)| = 2 n ~ 1 . Let D = [i,n] for some 2 < % < n, 
let D C {i + 1, z + 2, . . . , n) with D = {ji,j2, ■ ■ ■ , j s }, and define j = i. 
Consider p G diffD(l) with the associated sequence 




jo— 1 j'i-j'o J2— Jl 

Let c^ * 1 = p and construct a'-* 44 -' from aS 1 ' by reducing the value of 
the primitive subsequence of a® at position j s _j by one. We obtain 
a chain < < ■ ■ ■ a^ s+1 \ of length s + 1 with label sequence 
((j s , s + 1), (j s _i, s), . . . , (jo, 1))- Moreover, = 1. This implies 

that fi(p,l) = (— l) s+1 . Hence, the total number of elements p G 
differ) is 2 n ~\ satisfying /i(p, 1) 7^ 0. This implies 

■n 

\s^\i)\ = 1 + ^2— 

i=2 
n-2 

i=0 

tn-1 1 



l + 2 r 

2 n-l_ 

□ 
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